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Abstract
Using scalar-vector-tensor Brans Dicke (VBD) gravity [3] in pres-
ence of self interaction BD potential V (φ) and perfect fluid matter
field action we solve corresponding field equations via dynamical sys-
tem approach for flat Friedmann Robertson Walker metric (FRW).
We obtained 3 type critical points for ΛCDM vacuum de Sitter era
where stability of our solutions are depended to choose particular val-
ues of BD parameter ω. One of these fixed points is supported by a
constant potential which is stable for ω < 0 and behaves as saddle
(quasi stable) for ω ≥ 0. Two other ones are supported by a linear
potential V (φ) ∼ φ which one of them is stable for ω = 0.27647. For
a fixed value of ω there is at least 2 out of 3 critical points reach-
ing to a unique critical point. Namely for ω = −0.16856(−0.56038)
the second (third) critical point become unique with the first critical
point. In dust and radiation eras we obtained 1 critical point which
never become unique fixed point. In the latter case coordinates of
fixed points are also depended to ω. To determine stability of our so-
lutions we calculate eigenvalues of Jacobi matrix of 4D phase space
dynamical field equations for de Sitter, dust and radiation eras. We
should be point also potentials which support dust and radiation eras
must be similar to V (φ) ∼ φ− 12 and V (φ) ∼ φ−1 respectively. In short
our study predicts that radiation and dust eras of our VBD-FRW cos-
mology transmit to stable de Sitter state via non-constant potential
(effective variable cosmological parameter) by choosing ω = 0.27647.
1 Introduction
The physical nature itself is complex system really and is described by non-
linear chaotic dynamics [4,5,6]. A chaotic dynamics in its continues (discrete)
form is described by nonlinear (iteration maps) differential equations. It leads
usually to its possible stable points called as attractors (see arrow diagrams
1E-mail address: hghafarnejad@seman.ac.ir
2E-mail address: eyaraie@gmail.com
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in figure 1). Usually dynamical systems described by nonlinear differential
equations have not regular analytic solutions. This restrict us to choose ge-
ometrical approach to solve them. The latter method gives us properties of
the solutions without the solutions themselves. Properties of the solutions
are called as attractors (sink and/or stable) and saddles (quasi-stable). The
phase space variables of dynamical system at the classical mechanics are well
known as canonical coordinates and corresponding momenta but not in the
cosmological context. In the latter case dynamical variables are more and
there are several degrees of freedom to choose them. If we choose unsuitable
choices so can not obtain physically applicable solutions according to the
experimental context. This restrict us to regard two important statements
about the geometrical variables as must be dimensionless and bounded. The
latter two properties make as finite the phase space which means all of the
critical points become visible.
Choosing some suitable dimensionless geometrical variables one can reduces
a ‘n‘ order nonlinear differential equation of a dynamical system to number
of ‘n‘ to first order differential equations as
−→˙
x =
d−→x
dt
= f(−→x , t) (1.1)
where −→x = {xi; i = 1, 2, 3, ....n} ∈ E ⊆ Rn is state of ‘n‘−dimensional phase
space E ⊆ Rn. The equation (1.1) is called as autonomous if
∂f
∂t
= 0 (1.2)
and non-autonomous if
∂f
∂t
6= 0. (1.3)
Solutions of the equation
−→˙
x = 0 gives us critical points Pc of the dynamical
system. One can obtain eigenvalues λi of each critical point by calculating
Jacobi matrix of the vector function f(−→x , t) defined by
[J ]ij = Jij =
(
∂x˙i
∂xj
)
x=xcritical
(1.4)
and solving its secular equation as
det(Jij − λδij) = 0. (1.5)
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This leads to an algebraic equation which its solutions give us eigenvalues
of a critical point of the dynamical system. Characters of obtained critical
points are depended to numerical value of the corresponding eigenvalues. For
instance, the critical point is called as unstable (repeller and/or source) if the
corresponding eigenvalues take positive real value numerically. If at least one
of all real eigenvalues takes negative real value numerically then the critical
point is called saddle. The critical points is called as stable (attractor and/or
sink), if all of the eigenvalues take negative real value. If eigenvalues take
complex numbers with positive (negative) real value then the critical point
is called as spiral unstable (stable). For zero eigenvalues the system become
degenerated and so we can not tell about stability and/or instability of the
dynamical system under consideration (see table 1).
In context of cosmological models the dynamical system approach is used to
obtain ΛCDM phase by more authors [7-17]: Zhou et al are used f(G) gravity
to study flat FRW cosmology in [7] where G = R2 − 4RµνRµν + RµνληRµνλη
is Gauss-Bonnet topological invariant. They are obtained two kinds of sta-
ble accelerated solutions called as de Sitter and phantom-like of dark energy
regime. Azizi and Yaraie are used non-minimally matter coupled f(R) grav-
ity to study flat FRW cosmology in [8]. They are obtained vacuum de Sitter
era of the Universe which can be mimic the late-time acceleration of the cos-
mic evolution. Hrycyna and Szydtowski are studied BD-FRW cosmology in
presence of a quadratic scalar potential in [9,10] containing stable de Sitter
phase and are studied observational constraints of the model in ref. [11].
Copeland et al analyzed the dynamics of a single scalar field in FRW uni-
verses with spatial curvature in ref. [12] where an attractor critical point is
obtained to satisfy de Sitter and power law expanding Universe. Matos et
al studied dynamical approach of scalar-tensor cosmology in presence of a
cosh type of the potential plus a cosmological constant reducing to de Sitter
attractor [13]. Lopez and Ibarra studied attractor properties of the chaotic
inflation in [14] by using a minimally coupled scalar field in presence of a
quadratic scalar potential. Amendola was used quintessence (light scalar
field) effects to study cosmic acceleration via dynamical system approach in
presence of dynamical cosmological parameter and an exponential potential
[15]. He obtained a multi-pole spectrum effect of the microwave background
at large angles where the acoustic peaks are shifted and their amplitude is
changed. Fay et al are obtained particular class of f(R) modified gravity the-
ories which can be mimic ΛCDM cosmology in ref. [16]. Nozari and Kiani are
studied (1+4) dimensional bran-world cosmology containing a Gauss-Bonnet
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term at bulk action and obtained stable de Sitter phase state [17]. In short,
we know that ΛCDM phase of accelerating Universe is supported via ansatz
of unknown cosmological constant Λ in general theory of relativity and dark
matter inflaton scalar field in more scalar tensor gravity theories. Really,
origin of the non-baryonic dark matter proposal is not known and there are
more candidate for it [18,19]. Diversity of dark matter particles candidate en-
couraged more authors to present alternative models as scalar-vector-tensor
gravity theories (TeVeS) without non-baryonic dark matter which one can
use instead of the general theory of relativity itself and/or usual scalar tensor
models. In these models dynamical vector fields are four velocity of preferred
reference frames satisfying general covariance condition. These vector fields
support acceleration of the expanding Universe, galaxy rotation curves and
corrections on gravitational acceleration law in solar system, astrophysical
and cosmological scales [20] instead of less-known non-baryonic dark mat-
ter (see also refs. [21,22] for their experimental constraints). If dynamical
vector fields to be have unit-time-like property then the scalar-vector-tensor
gravities can be also support metric signature transition dynamics from Eu-
clidean (+,+,+,+) to Lorentzian (-,+,+,+) signature (see [3] and reference
therein). In short, the model presented in ref. [3] is generalized BD gravity
[2] by transforming the background metric gµν to gµν + 2NµNν . Flat FRW
quantum cosmology of the model and its metric signature transition property
were studied in refs. [23] and [24] respectively.
In this paper we use dynamical system approach of the gravity model [3] in
presence of self-interacting BD potential and matter-radiation perfect fluid
cosmic source and obtain Λ CDM de Sitter stable phase of the accelerating
flat FRW Universe. Originally, vector field stress tensor of our used model
which support inflation of the cosmological Universe makes free of Jordan
and/or Einstein frame of the used BD gravity. While Salcedo et al is shown
in ref. [1] that the scalar tensor Brans Dicke (SBD) gravity itself [2] in pres-
ence of quadratic self-interaction potential their attractor de Sitter solution
is only valid for Jordan frame. Hence they claimed that the BD gravity
itself dose have not a ΛCDM phase as an universal attractor. Form the
latter view our work can be outstanding and so considerable to study with
more details. As an experimental result they obtained time variation of the
Newton‘s gravitational coupling parameter as |G˙/G| < 9 × 10−13 yr−1 for
experimental values of Hubble constant H0 = 7.24× 10−11 yr−1 and BD pa-
rameter ω = 40000 while we obtained its corrections coming from preferred
reference frame effects (dynamical vector fields corrections). Organization of
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the work is as follows.
In section 2 we call the gravity model [3] and calculate its dynamical field
equations. In section 3 we obtain Friedmann equations of the model. Next
we make 4D cosmic dynamical phase space to write corresponding dynamical
equations. Then we obtain critical points, matrix Jacobi and their eigenval-
ues for ΛCDM vacuum de Sitter, dust and radiation eras. Finally we denote
to concluding remark in section 4.
2 The Model
Let us we start with the following scalar-vector-tensor-gravity action [3].
Itotal = IBD + IN + Im + Ir (2.1)
which with assumption ǫ = 0 the term
IBD =
1
16π
∫
dx4
√
g
{
φR− ω
φ
gµν∇µφ∇νφ+ V (φ)
}
(2.2)
is BD scalar tensor gravity itself [2]. V (φ) is called as BD self interaction
potential and
IN =
1
16π
∫
dx4
√
g{ζ(xν)(gµνNµNν + 1) + 2φFµνF µν
−φNµNν(2F µλΩνλ + F µλFνλ + ΩµλΩνλ − 2Rνµ +
2ω
φ2
∇µφ∇νφ)}, (2.3)
with
Fµν = 2(∇µNν −∇νNµ), Ωµν = 2(∇µNν +∇νNµ) (2.4)
describes action of unit time like dynamical four velocity Nµ(x
ν) of a preferred
reference frame. Up to ζ(xν) term which is used as ansatz, the action (2.3)
is obtained by transforming metric field of the BD action (2.2) as gµν →
gµν+2NµNν . Details of calculations are given in ref. [3]. Matter and radiation
counterparts of a perfect fluid source is considered as
Im =
1
16π
∫
dx4
√
gLm (2.5)
and
Ir =
1
16π
∫
dx4
√
gLr (2.6)
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where Lm and Lr are the matter and radiation lagrangian densities respec-
tively. Tµν is the matter-radiation stress energy-momentum tensor and is
given against the corresponding Lagrangian density as follows.
Tµν =
2√
g
δ(
√
g(Lm + Lr))
δgµν
. (2.7)
We will assume Tµν to be stress energy-momentum tensor of a perfect fluid
in what follows as
Tµν = (ρ+ p)uµuν + pgµν . (2.8)
Here uµ is time-like four velocity of the fluid satisfying gµνuµuν = −1. ρ =
ρm+ρr and p = pm+pr where ρm(ρr) is matter (radiation) counterpart energy
density of the fluid and pm(pr) is corresponding isotropic hydrostatic pressure.
The action (2.3) shows that the vector field Nµ is coupled as non-minimally
with the BD scalar field φ. The action (2.1) is written in units c = ~ = 1
with Lorentzian signature (-,+,+,+). The undetermined Lagrange multiplier
ζ(xν) controls that Nµ to be an unit time-like vector field. φ describes inverse
of variable Newton‘s gravitational coupling parameter and its dimension is
(lenght)−2 in units c = ~ = 1. Absolute value of determinant of the metric
gµν is defined by g. Present limits of dimensionless BD parameter ω based on
time-delay experiments [25,26,27,28] requires ω ≥ 4×104. General relativistic
approach of the BD gravity action (2.2) is obtained by setting V (φ) = 0 and
ω → ∞. Varying (2.1) with respect to ζ(xν), φ, Nµ and gµν we obtain
respectively
gµνNµNν = −1, (2.9)
2ωφ
φ
− ωg
µν∂µφ∂νφ
φ2
− 4ωN
µNν∂µ(
√
g∂νφ)
φ
√
g
− dV (φ)
dφ
− 4ω∂µ(N
µNν)∂νφ
φ
−4ωΓ
µ
µαN
αNν∂νφ
φ
− 4ωΓ
ν
µλN
µNλ∂νφ
φ
+
2ωNµNν∂µφ∂νφ
φ2
+R − 2NµNνRµν
+2FµνF
µν −NµNν{2F µλΩνλ + F µλFνλ + ΩµλΩνλ} = 0, (2.10)
[4Fµν −NµNλ(Fλν + 3Ωλν) +NνNλ(Fλµ − Ωµλ)]∂µ(√gφ)√
gφ
+∇µ[4Fµν −NµNλ(Fλν + 3Ωλν) +NνNλ(Fλµ − Ωµλ)]
+Nµ(Fνλ + 3Ωνλ)∇µNλ +Nλ(Fλµ + 3Ωλµ)∇νNµ −Nλ(Fνµ − Ωµν)∇µNλ
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−Nλ(Fλµ − Ωµλ)∇µNν + 2NµRµν − 2ωN
µ∂µφ∂νφ
φ2
− ζ(x
α)Nν
φ
= 0 (2.11)
and
Gµν = −8π
φ
Tµν+
ω∂µφ∂νφ
φ2
+
∂µ(
√
g∂νφ)√
gφ
− ζ(x
α)NµNν
φ
+
2(φNµNν)
φ
(2.12)
−gµν
2φ
{2φ+ ωg
αβ∂αφ∂βφ
φ
− 2φFαβF αβ + 2φNαNβF αλΩβλ
+φNαN
β(F αλFβλ + Ω
αλΩβλ) + 2N
αNβ(φRαβ − ω∂αφ∂βφ
φ
)}+ V (φ)
φ
gµν .
where we defined
 =
1√
g
∂µ(
√
ggµν∂ν). (2.13)
We now choose flat FRW background metric to study stability situations of
ΛCDM vacuum de Sitter, dust and radiation eras of the model.
3 Cosmological setting
In context of homogenous and isotropic universes, one use usually FRW back-
ground metric which from point of view of a comoving observer, in flat case
with Lorentizan signature (−,+,+,+) is given by
ds2 = −dt2 + a(t)2(dx2 + dy2 + dz2). (3.1)
a(t) is scale factor of spatial part of the above metric. Applying (3.1) one
can obtain a simple solution of the equation (2.9) described by Kronecker
delta function as
Nµ(t) = δtµ (3.2)
where Nµ = 1 for µ = t and Nµ = 0 for µ 6= t. Applying (3.2) and definition
of covariant differentiation ∇ ≡ ∂ + Γ for (2.4) one can obtain
Fµν(t) = 0, Ωµν(t) = 4aa˙ diag(0, 1, 1, 1) (3.3)
where ˙ ≡ d
dt
. Applying (3.1), (3.2) and (3.3), the equations (2.10) and (2.11)
become respectively
6ωψ˙ + 12H˙ + 30ωHψ + 5ωψ2 + 18H2 +
dV (φ)
dφ
= 0 (3.4)
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and
ζ
φ
= 2ωψ2 − 6(H˙ +H2) (3.5)
where we defined
ψ(t) =
φ˙
φ
, (3.6)
and
H(t) =
a˙
a
. (3.7)
Inserting (2.8), (3.1), (3.2), (3.3), (3.5), (3.6) and (3.7) one can obtain time-
time and space-space components of the Einstein equation (2.12) respectively
as follows.
Gtt = 3H
2 = 8πρ∗, (3.8)
and
Gij = (2H˙ + 3H
2)δij = −8πp∗δij (3.9)
where δij with i, j ≡ {x, y, z} is 3 dimensional Keonecker delta function. Also
we defined generalized fluid density ρ∗ and corresponding isotropic pressure
p∗ as
8πρ∗ =
8π(ρm + ρr)
φ
+
(5ω + 4)
2
ψ2 + 2ψ˙− 9H˙ +6Hψ− 9H2+ V (φ)
φ
(3.10)
and
8πp∗ =
8πρr
3φ
− (2− ω)ψ
2
2
− ψ˙ + 3H˙ − 3Hψ + 3H2 − V (φ)
φ
(3.11)
where (ρm 6= 0, pm = 0) and (ρr, pr) 6= 0 with pr = ρr/3 are matter and
radiation components of the mixture perfect fluid with total density ρ =
ρm + ρr and pressure p = pr. Applying (3.8) and (3.9), the Bianchi identity
∇µGµν = 0 leads to covariant conversation condition
ρ˙∗ + 3H(ρ∗ + p∗) = 0. (3.12)
Inserting (3.8), the above conservation condition can be rewritten as
p∗
ρ∗
= −1 − 2
3
H˙
H2
(3.13)
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which can be re-derived directly from (3.8) and (3.9). However one can
eliminate H˙ term of the equation (3.5) by inserting (3.13) to obtain barotropic
parameter of the effective fluid as
γ =
p∗
ρ∗
= −1
3
− 2ωψ
2
9H2
+
ζ
9φH2
. (3.14)
The above equation shows that the fields ζ(t), ψ(t) and H can be control
numerical values of γ. For instance ψ = ζ = 0 reads to cosmic strings γ = −1
3
.
In what follows we will seek stability of phase solutions for de Sitter, dust and
radiation eras by setting ansatz γ = −1, 0, 1
3
respectively. One can obtain a
good constraint condition between relative densities counterparts as
12(1 + 2ω)
V (φ)
φ
+
dV (φ)
dφ
− 6(2 + 5ω)
(
8πρm
φ
)
− 4(5 + 12ω)
(
8πρr
φ
)
+12ωHψ − ω(43 + 102ω)ψ2 + 18(1 + 2ω)H2 = 0 (3.15)
where matter and radiation densities counterparts ρm,r satisfy separately the
conservation equation respectively as follows.
ρ˙m + 3Hρm = 0 (3.16)
and
ρ˙r + 4Hρr = 0. (3.17)
The condition (3.15) is obtained from (3.11) when we eliminate ψ˙, p∗, ρ∗, H˙
via (3.4), (3.13), (3.8) and (3.5) respectively. Also we can obtain a suitable
equation for ψ by applying (3.8), (3.9), (3.10) and (3.11) such that
ψ˙ = −(1 + 17ω)ψ2+6H2− 3Hψ− 8
(
8πρr
φ
)
− 5
(
8πρm
φ
)
+4
V (φ)
φ
. (3.18)
We now can solve the equations (3.14), (3.15), (3.16), (3.17) and (3.18) to
determine the fields a,H, φ, ψ, ζ for given sources ρm, ρr, and V (φ) via dy-
namical system approach. To do so we must be first make 5 dimensionless
phase space variables from a,H, φ, ψ, ζ and then obtain corresponding dy-
namical equations of phase space. To study stability of de Sitter epoch we
must be evaluate critical points of phase space, and eigenvalues of corre-
sponding Jacobi matrix as follows.
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3.1 Cosmic dynamical system phase space
First we define dimensionless time derivative against e-folding parameter
τ = ln(a/ai) of the expanding Universe as
′ =
d
dτ
=
1
H
d
dt
(3.19)
together with the following dimensionless variables of the cosmic phase space.
x(τ) =
ψ
H
, (3.20)
q(τ) =
ζ
φH2
, (3.21)
y(τ) =
8πρm
φH2
(3.22)
z(τ) =
8πρr
φH2
(3.23)
v(τ) =
V (φ)
φH2
(3.24)
and
s(τ) =
H˙
H2
. (3.25)
Inserting (3.19), (3.20), (3.21), (3.22), (3.23), (3.24), (3.25) into the equa-
tions (3.14), (3.15), (3.16), (3.17) and (3.18), one can obtain dimensionless
dynamical equations of phase space variables as follows.
x′ = −(1 + 17ω)x2 + 3(γ − 1)
2
x− 5y − 8z + 4v + 108 (3.26)
y′ = (3γ − 2− x)y, (3.27)
z′ = [3(γ − 1)− x]z, (3.28)
v′ = ω(43 + 102ω)x3 − 12ωx2 + 18(1 + 2ω)x+ 6(2 + 5ω)xy
+4(5 + 12ω)xz − (13 + 24ω)xv + 3(1 + γ)v
2
(3.29)
where
q = 2ωx2 + 3(1 + 3γ), (3.30)
10
s = −3
2
(1 + γ) (3.31)
and we used
dV (φ)
dφ
= H2
(
v′
x
+ v +
2sv
x
)
. (3.32)
The equations (3.26) to (3.29) describe dynamical equations of a 4D phase
space {x, y, z, v}. They are first order nonlinear differential equations and so
their solutions may have choatic behavior near possible critical points. If we
want to seek stabiliy of phase solutions of the above dynamical equations,
then we must be calculate their possible critical points for vacuum de Sitter
era by setting γ = −1. Next we obtain eigenvalues of the corresponding
Jacobi matrix and discuss their characteristics (see table 1).
3.2 ΛCDM de Sitter era
Inserting γ = −1 the dynamical equations (3.26), (3.27), (3.28), (3.29) can
be rewritten as
x′ = −(1 + 17ω)x2 − 3x− 5y − 8z + 4v + 108 (3.33)
y′ = −(5 + x)y, (3.34)
z′ = −(6 + x)z, (3.35)
v′ = ω(43 + 102ω)x3 − 12ωx2 + 18(1 + 2ω)x+ 6(2 + 5ω)xy
+4(5 + 12ω)xz − (13 + 24ω)xv (3.36)
where (3.30) and (3.31) take the following forms respectively.
q = 2ωx2 − 6, (3.37)
and
s = 0. (3.38)
For the vacuum de Sitter era, matter and radiation densities counterparts
are negilible and so we must be set
y = 0, z = 0. (3.39)
x, v components of the critical points are determined by solving x′ = 0 = v′.
Inserting (3.39) and using (3.33) and (3.36) the equations x′ = 0 and v′ = 0
become
(1 + 17ω)x2c + 3xc − (4vc + 108) = 0 (3.40)
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and
ω(43 + 102ω)x3c − 12ωx2c + 18(1 + 2ω)xc − (13 + 24ω)xcvc = 0. (3.41)
(xc = 0, vc = −27) satisfyes trivially the equations (3.40) and (3.41) for
arbitrary values of ω and so it is one of de Sitter era critical points. If xc 6= 0
then the equation (3.41) become
ω(43 + 102ω)x2c − 12ωxc + 18(1 + 2ω)− (13 + 24ω)vc = 0. (3.42)
Eliminating vc between (3.40) and (3.42), we obtain
(73ω + 13)x2 + (120ω + 39)x− (2736ω + 1476) = 0 (3.43)
which has two solutions as
x±c =
−3(40ω + 13)±√90368ω2 + 64736ω + 8697
2(73ω + 13)
. (3.44)
Eliminating ω between (3.40) and (3.43) we obtain
v±c (x
±
c ) =
3(49x4c + 167x
3
c − 5892x2c − 3528xc + 49248)
2(73x2c + 120xc − 2736)
(3.45)
in which xc must be inserted from (3.44). The solutions (3.44) and (3.45)
show that there is two class of fixed points as
P de Sitter2 (ω) : (x
+
c (ω), yc = 0, zc = 0, v
+
c (ω)) (3.46)
and
P de Sitter3 (ω) : (x
−
c (ω), yc = 0, zc = 0, v
+
c (ω)) (3.47)
which make infinite number of critical points against different values of ω.
Setting x+c = 0 we obtain ω = −0.16856 where P de Sitter2 reaches to P de Sitter1
and they become a unique fixed point. If we choose x−c = 0 we obtain
ω = −0.56038 where P de Sitter3 and P de Sitter1 become a unique fixed point.
They have stable behavior for ω < 0 and saddle (quasi-stable) for ω ≥ 0
(see figure 1 and table 1). Setting x+c = x
−
c we obtain ω = −0.17915 where
P de Sitter2,3 describes a quansi-stable state (see table 1). In general relativity
approach of the BD theory itself we know ω → +∞ where the BD scalar
field reaches to a constant value. Hence we choose also samples ω = 40000
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and ω = −40000 to obtain numerical values of critical points components as
follows.
P deSitter1 (∀ω ∈ R) : (xc = 0, yc = 0, zc = 0, vc = −27), (3.48)
P de Sitter1,2 (ω = −0.16856) : (xc = 0, yc = 0, zc = 0, vc = −27), (3.49)
P de Sitter3 (ω = −0.16856) : (xc = −27.02, yc = 0, zc = 0, vc = 591.90), (3.50)
P de Sitter1,3 (ω = −0.56038) : (xc = 0, yc = 0, zc = 0, vc = −27), (3.51)
P de Sitter2 (ω = −0.56038) : (xc = −1.013, yc = 0, zc = 0, vc = −25.15),
(3.52)
P de Sitter2,3 (ω = −0.17915) : (xc = 112.92, yc = 0, zc = 0, vc = 12953.62),
(3.53)
P de Sitter2 (ω = 40000) : (xc = 1.24, yc = 0, zc = 0, vc = −21.99), (3.54)
P de Sitter3 (ω = 40000) : (xc = −2.88, yc = 0, zc = 0, vc = −5.99), (3.55)
P de Sitter2 (ω = −40000) : (xc = −2.88, yc = 0, zc = 0, vc = −5.99), (3.56)
P de Sitter3 (ω = −40000) : (xc = 1.24, yc = 0, zc = 0, vc = −21.99). (3.57)
Other critical fixed points which can be considerable physically is for situa-
tions where at least one of roots of second order equations (3.40) and (3.42)
have similar value (common root). To do so we must be set the following
constriant condition between their coefficients.
(1 + 17ω)
ω(43 + 102ω)
= − 3
12ω
=
4vc + 108
(13 + 24ω)vc − 18(1 + 2ω) (3.58)
leading to the following particular values.
ω =
47
170
= 0.27647, vc = 68.870. (3.59)
Inserting (3.59) the equations (3.40) and (3.43) read x+c = 7.9433, x
−
c =
−8.4697 and so we will have two other critcal fixed points more as follows.
P deSitter2 (ω = 0.27647) : (xc = 7.9433, yc = 0, zc = 0, vc = 68.87) (3.60)
and
P deSitter3 (ω = 0.27647) : (xc = −8.4697, yc = 0, zc = 0, vc = 68.87). (3.61)
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where nature of the fixed point (3.60) is stable but for (3.61) is unstable re-
spectively (see table 1 and figure 1). Stability and/or instability of the above
critical points can be follow via arrow diagrams of the dynamical equations
(3.33) to (3.36) in figure 1 against different values of ω. In general, we can ob-
tain time dependent solutions of the field equations of ΛCDM era for critical
points P de Sitter1,2,3 (ω) as follows.
P de Sitter1,2,3 :


φ(t)
φ0
= excHt
ρm = 0
ρr = 0
V (φ) = vcH
2φ
ζ(t) = (2ωx2c − 6)φ0H2excHt
a(t)
a0
= eHt


(3.62)
where H is Hubble constant which must be inserted via observational data
and numerical values of (xc, vc) should be inserted from the equations (3.46)
to (3.57) and/or (3.60) to (3.61). If we want to determine which of the above
critical points have stable behavior then we must be calculate corresponding
Jacobi matrix (1.4) and obtain eignevalues as follows (see table 1).
Jde Sitter1,2,3 (ω) =

−3− 2(1 + 17ω)xc −5 −8 4
0 −(5 + xc) 0 0
0 0 −(6 + xc) 0
F (ω, xc, vc) 6(2 + 5ω)xc 4(5 + 12ω)xc −(13 + 24ω)xc


(3.63)
where we defined
F (ω, xc, vc) = 3ω(43+ 102ω)x
2
c − 14ωxc+ 18(1+ 2ω)− (13 + 24ω)vc (3.64)
and numerical values of ω, xc, vc should be inserted from the equations (3.48)
to (3.57) and/or (3.60) to (3.61). We obtain corresponding secular equation
as
(λ+ 5 + xc)(λ+ 6 + xc)[λ
2 + [3 + (15 + 58ω)xc]λ
+(13 + 24ω)[3xc + 2(1 + 17ω)x
2
c ]] = 0 (3.65)
which has four eigenvalues as
λ1 = −(5 + xc), λ2 = −(6 + xc),
14
λ3 = − [3 + (15 + 58ω)xc]
2
+
1
2
√
[3 + (15 + 58ω)xc]2 − 4(13 + 24ω)xc[3 + 2(1 + 17ω)xc]
λ4 = − [3 + (15 + 58ω)xc]
2
−1
2
√
[3 + (15 + 58ω)xc]2 − 4(13 + 24ω)xc[3 + 2(1 + 17ω)xc] (3.66)
where λ1,2,3,4 < 0 and λ1,2,3,4 > 0 describ stable and unstable state of the
system. If some of the eigenvalues take positive values numerically but some
other ones become negative then the system will be take quasi stable state
namely saddle (see figure 1). We insert numerical values of (ω, xc) from the
equations (3.48) to (3.57) and/or (3.60) to (3.61) and collect numerical values
of eigenvalues λde Sitter1,2,3,4 in table 1 where first column in right side denotes
to their stability and/or instabiity nature. As a result of our work we now
study experimental correspondence of our obtined solutions. Correspondence
between Newton‘s gravity coupling parameter and the BD scalar field is well
known as φ ≡ 1
G
from the BD gravity theory which by inserting (3.6) one
infers [1]
1
H
∣∣∣∣G˙G
∣∣∣∣
SBD
=
1
|1 + ω| (3.67)
while for our model we will have
1
H
∣∣∣∣G˙G
∣∣∣∣
±
V BD
=
∣∣∣∣−3(40ω + 13)±
√
90368ω2 + 64736ω + 8697
2(73ω + 13)
∣∣∣∣ (3.68)
which in GR limits ω → +∞ we can obtain nonzero counterpart of preferred
reference frame effects as follows.
lim
ω→+∞
1
H
∣∣∣∣G˙G
∣∣∣∣
±
V BD
− lim
ω→+∞
1
H
∣∣∣∣G˙G
∣∣∣∣
SBD
≈
∣∣∣∣
1.24;for+
2.88;for−
(3.69)
where the present value of the Hubble constant is [1](see also [10,29])
Hobs = 7.24× 10−11 yr−1. (3.70)
The above result predicts non-valishing G˙ in presense of dynamical vector
fields effects even in GR limits ω >> 1 which in BD gravity itself can not be
detected. We now study dust era and its stability conditions of our model in
the following subsection.
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3.3 Dust era
For dust era matter density is non-vanishing y 6= 0 but for the radiation
density we have z = 0 and corresponding barotropic index is γ = 0. Using
the latter initial conditions the dynamical equations (3.26), (3.27), (3.28),
(3.29) read
x′ = −(1 + 17ω)x2 − 3x/2− 5y + 4v + 108, (3.71)
y′ = −(2 + x)y, (3.72)
z′ = 0 (3.73)
v′ = ω(43+102ω)x3−12ωx2+18(1+2ω)x+6(2+5ω)xy−(13+24ω)xv+3v/2,
(3.74)
and (3.30) and (3.31) become respectively
q = 3 + 2ωx2 (3.75)
and
s = −3
2
. (3.76)
Critical points are obtained by using (3.71) to (3.74) and setting x′ = 0 =
y′ = v′ as
xc = −2, yc(ω) = 10244ω + 6173
83
, vc(ω) =
14216ω + 5496681
83
(3.77)
where ω > −0.6026 because of positivity condition y > 0 of the matter
density (3.22). However one can infers that ω dependent single critical point
in the dust era become
PDust :
(
xc = −2, yc = 10244ω + 6173
83
, zc = 0, vc =
14216ω + 5496681
83
)
(3.78)
where (3.75) become
qc = 3 + 8ω. (3.79)
Setting ω = {−0.16856,−0.56038,−017915, 40000, 0.27647} the above dust
era critical point become respectively
PDust(ω = −0.16856) :
(
xc = −2, yc = 53.57, zc = 0, vc = 67830.68
)
(3.80)
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PDust(ω = −0.56038) :
(
xc = −2, yc = 5.21, zc = 0, vc = 67761.90
)
, (3.81)
PDust(ω = −0.17915) :
(
xc = −2, yc = 52.26, zc = 0, vc = 67828.82
)
(3.82)
PDust(ω = 40000) :
(
xc = −2, yc = 4.94× 106, zc = 0, vc = 7.09× 106
)
(3.83)
PDust(ω = 0.27647) :
(
xc = −2, yc = 108.50, zc = 0, vc = 67908.78
)
.
(3.84)
One can calculate Jacobi matrix (1.4) for the critical point (3.78) as follows.
JDust(ω) =


(5+136ω)
2
−5 0 4
− (10244ω+6173)
83
0 0 0
0 0 0 0
− (239592ω2+132055352ω+71455359)
83
−12(2 + 5ω) 0 (55+96ω)
2


(3.85)
where its secular equation defined by (1.5) become
λ
[
λ3 − (30 + 116ω)λ2
+(
1143185109
332
+
528335358ω
83
+
1229280ω2
83
)λ+
6173
2
+ 5122ω
]
= 0. (3.86)
Inserting ω = {−0.16856,−0.56038,−017915, 40000, 0.27647} we obtain nu-
merical solutions of the eigenvalues equation (3.86) for critical points (3.80)
to (3.84) and collect them into the table 1. Inserting (3.78) into the equations
(3.20) to (3.25) and some simple integral calculations one can obtain dust
era solutions as follows.
PDust(ω) :


φ(t)
φ0
=
(
t
t0
) 4
3
ρm(t) =
(10244ω+6173)
747pi
φ0
t2
0
(
t
t0
)− 2
3
ρr(t) = 0
V (φ) =
(
16864ω
747
+ 7328908
249
)
φ0
t2
0
(
φ
φ0
)− 1
2
ζ(t) = 4(3+8ω)
9
φ0
t2
0
(
t
t0
)− 2
3
a(t)
a0
=
(
t
t0
) 2
3


(3.87)
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where φ0 = φ(t0), a0 = a(t0), and t0 is an arbitrary constant time. In the
following subsection we study radiation era of the model and its stability
conditions.
3.4 Radiation era
In case of radiation era, the matter density is vanishing y = 0 and barotropic
index of state equation of radiation is γ = 1
3
. Inserting the latter initial
conditions the dynamical equations (3.26), (3.27), (3.28), (3.29) read
x′ = −(1 + 17ω)x2 − x− 8z + 4v + 108, (3.88)
y′ = 0, (3.89)
z′ = −(2 + x)z (3.90)
v′ = ω(43+102ω)x3−12ωx2+18(1+2ω)x+4(5+12ω)zx−(13+24ω)xv+2v,
(3.91)
where (3.30) and (3.31) become respectively
q = 6 + 2ωx2 (3.92)
and
s = −2. (3.93)
Critical points are obtained by using (3.88) to (3.91) and setting x′ = 0 =
z′ = v′ as
xc = −2, vc = 283
4
+
349ω
2
, zc =
315ω
4
+
389
8
(3.94)
where positivity condition of the radiation density (3.23) restricts us to choose
z > 0 and so ω > −0.59846. Thus critical point in the radiation era become
PRadiation : (xc = −2, yc = 0, zc = 315ω
4
+
389
8
, vc =
283
4
+
349ω
2
) (3.95)
where
qc = 6 + 8ω, sc = −2. (3.96)
Setting ω = {−0.16856,−0.56038,−017915, 40000, 0.27647} the above radi-
ation era critical point become respectively
PRad(ω = −0.16856) :
(
xc = −2, yc = 0, zc = 35.35, vc = 41.34
)
(3.97)
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PRad(ω = −0.56038) :
(
xc = −2, yc = 0, zc = 4.50, vc = −27.04
)
, (3.98)
PRad(ω = −0.17915) :
(
xc = −2, yc = 0, zc = 34.52, vc = 39.49
)
(3.99)
PRad(ω = 40000) :
(
xc = −2, yc = 0, zc = 3.15× 106, vc = 6.98× 106
)
(3.100)
PRad(ω = 0.27647) :
(
xc = −2, yc = 0, zc = 70.40, vc = 118.99
)
. (3.101)
One can calculate Jacobi matrix (1.4) for the radiation era critical point
(3.95) as follows.
Jradiation(ω) =


3 + 68ω 0 −8 4
0 0 0 0
−(315ω
4
+ 389
8
)
0 0 0
−1632ω2 − 979ω
2
+ 283
4
0 −8(5 + 12ω) 4(7 + 12ω)


(3.102)
where its secular equation (1.5) become
λ[λ3−(116ω+31)λ2+(9792ω2+3376ω−588)λ+5040ω+3112] = 0. (3.103)
Inserting ω = {−0.16856,−0.56038,−017915, 40000, 0.27647}we solve (3.103)
and obtain numerical values of eigenvalues for critical points (3.97) to (3.101)
and collect them into the table 1. Inserting (3.95) and (3.96) into the equa-
tions (3.20) to (3.25) and some simple integral calculations one finds
PRad(ω) :


φ(t)
φ0
= t
t0
ρm(t) = 0
ρr(t) =
1
128pi
(
315ω + 389
2
)
φ0
t2
0
(
t
t0
)−1
V (φ) =
(
349ω
8
+ 283
16
)
φ0
t2
0
(
φ
φ0
)−1
ζ(t) = (3+4ω)
2
φ0
t2
0
(
t
t0
)−1
a(t)
a0
=
(
t
t0
) 1
2


(3.104)
where φ0 = φ(t0), a0 = a(t0), and t0 is an arbitrary constant time.
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Fixed point Eignevalues : (λ1, λ2, λ3, λ4) Nature
P deS1;∀ω∈R (-5, -6, 0, -6) stable
P deS1,2;ω1=−0.16856 (-5, -6, 0, -6 ) stable
P deS3;ω=−0.16856 (22.02, 21.02, 483.90, -207.63) saddle
P deS1,3;ω=−0.56038 (-5, -6, 0, -6) stable
P deS2;ω=−0.56038 (-3.99, -4.99, -0.91, -40.55) stable
P deS2,3;ω=−0.17915 (-117.92, -118.90, 917.93, -1964.90) saddle
P deS2;ω=40000 (-6.24, -7.24, −2.38× 106, −3.37× 106) stable
P deS3;ω=40000 (-2.12, -3.12, 7.83× 106, 5.53× 106) saddle
P deS2;ω=−40000 (-2.12, -3.12, −5.53× 106, −7.83× 106) stable
P deS3;ω=−40000 (-6.24, -7.24, 3.37× 106, 2.38× 106) saddle
P deS2;ω=0.27647 (-12.94, -13.94, -187.11, -311.44) stable
P deS3;ω=0.27647 (3.47, 2.37, 332.61, 187.11) untable
PDusω=0.27647 (0, 31.04+2281.09i, -0.0009, 31.04-2281.09i) saddle
PDusω=40000 (0, 100, (2.3− 4.3i)× 106, (2.3 + 4.3i)× 106) unstable
PDusω=−0.17915 (0, 4.61+1517.70i, -0.0009, 4.61-1517.70i) saddle
PDusω=−0.56038 (0, 0.002, 328.07, -363.07) saddle
PDusω=−0.16856 (0, 5.22+1539.73i, -0.0009, 5.22-1539.73i) saddle
PRadω=0.27647 (0, 32.24+14.69i, -3.41, 32.24-14.69i) saddle
PRadω=40000 (0, 0, (2.32− 3.21i)× 106, (2.32 + 3.21i)× 106) unstable
PRadω=−0.17915 (0, 2.46, 34.09, -26.33) saddle
PRadω=−0.56038 (0, -16.75+17.26i, -0.50, -16.75-17.26i) stable
PRadω=−0.16856 (0, 2.51, 34.82, -25.88) saddle
Table 1: Numerical values of eigenvalues for ΛCDM de Sitter, dust and
radiation eras where the corresponding space time scale factor become
adeS(t) ∼ eHt, aDus(t) ∼ t 23 and aRad(t) ∼ t 12 respectively.
4 Concluding remark
Applying VBD gravity [3] in presence of additional perfect fluid matter and
self interaction potential action functionals we studied flat FRW space time
dynamics. We applied dynamical system approach to seek stable critical
points for vacuum de Sitter, dust and radiation eras. To do so we calculate
eigenvalues of the corresponding Jacobi matrix defined on 4D phase space.
In general, we obtain 3 type critical fixed points for de Sitter era but 1 type
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for dust and radiation eras. Nature of these critical points are depended to
choose numerical values of the BD parameter ω. When the potential behaves
as (effective cosmological) constant then one of the critical fixed point in de
Sitter era become stable for ω < 0 and saddle for ω ≥ 0. While for linear
potential V (φ) ∼ φ (variable cosmological parameter) there is still a stable
critical point in de Sitter era but for particular value of ω = 0.27647. There is
not obtained conditions where the all 3 fixed points reach to a unique critical
fixed point. While for ω = {−0.16856,−0.56038,−0.17915} there is at least
2 out of 3 critical fixed points in de Sitter era which become unique (see table
1). In dust era the system become stable for ω = −0.56038 but behaves as
unstable by vanishing matter density for ω = 0.27647 (see figure 1). The
latter case predicts a phase transition from matter to vacuum de Sitter era.
Radiation era become quasi-stable for ω = {−0.56038, 0.27647} by vanishing
the radiation density. This result predicts a phase transition between radia-
tion and dust eras for particular value of ω = 0.27647. Comparing diagrams
given in figure 1 we can understand ωuniqie = 0.27647 is important value for
the BD parameter in the used gravity model [3] where flat FRW space time
tolerates a radiation era by supporting potential V (φ) ∼ φ−1, then transmit
to a dust era by supporting a potential as V (φ) ∼ φ− 12 and finally transmit
to a vacuum de Sitter era by supporting a linear potential V (φ) ∼ φ. As a
result of our work we consider time dependent fluctuations of Newton‘s cou-
pling parameter ˙G(t) obtained from BD gravity itself and compare it with
our results in GR limits ω → 40000. Non-vanishing counterparts denotes to
preferred reference frame effects coming from the used alternative model in
this work. As extensions of our work we seek preferred reference frame effects
[3] on anisotropy of Bianchi‘s cosmology and galaxy rotation curves too in
our next work.
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